Abstract. We give a Fourier integral representation of harmonic functions in three variables in terms of the current of integration over fz
Introduction.
Let B n be the open unit ball of R n t and uðtÞ A C y ðB n Þ be a harmonic function in B n . Then there exists an exponentially decreasing measure dmðzÞ supported on fz A C n ; z
n ¼ 0g such that uðtÞ ¼ Ð e Àihz; ti dmðzÞ. This fact is an example of the Ehrenpreis fundamental principle concerning an arbitrary system with constant coe‰cients, which was originally shown by using the Hahn-Banach theorem. The abstract nature of the proof led to the lack of any explicit representation formula.
On the other hand, integral formulas in Several Complex Variables have recently been employed to solve division problems of holomorphic functions. By Fourier transform and duality, one immediately obtains explicit versions of the fundamental principle: see [1] , [2] , [6] , [9] and [11] . The authors obtained explicit formulas with currents instead of measures.
In the particular case of the Laplacian, the general formula of [2] has some redundancy in the sense that it involves not only the Dirichlet boundary value but also some other data; the former is enough to determine a harmonic function. It has motivated us to try to find a Fourier integral representation formula of harmonic functions free from any superfluous data.
In [10] , we considered the two variables case and gave an explicit formula which represents a harmonic function in the unit disk B 2 in terms of its Dirichlet boundary value, exponential functions and a current supported on fz A C 2 ; z 2 1 þ z 2 2 ¼ 0g. In the present paper, we deal with the three variables case and prove that and that x and y are perpendicular to each other. For a fixed y 0 0, the totality of the corresponding x's can be identified with S 1 ¼ R=2pZ. We will give a parametrization of an open dense subset of V based on this observation.
LetV
where Â is the cross product. We see that h y; vi ¼ hv; wi ¼ hw; yi ¼ 0 and that j yj ¼ jvj ¼ jwj.
We define a di¤eomorphism
y; yÞ 7 ! z ¼ xð y; yÞ þ iy by setting xðy; yÞ ¼ v cos y þ w sin y. It means that
q ;
It is trivial that
SinceV V is an open dense subset of V , the action of the current ½V can be expressed as integration over E Â S 1 .
Proposition 1. The 4-form ðF À1 Þ Ã ðdy 1 5dy 2 5 dy 3 5 dyÞ is positive with respect to the natural orientation ofV V .
Proof. In fz A V ; y 3 0 0g, ðz 1 ; z 2 Þ is a system of local holomorphic coordinates. So dx 1 5dy 1 5 dx 2 5 dy 2 is positive with respect to the natural orientation.
On the other hand, we can show that 
where P 0 denotes a sum with respect to ð j; kÞ ¼ ð1; 2Þ; ð1; 3Þ; ð2; 3Þ. In particular, for f ð yÞ ¼ jyj, we have
Proof. By direct calculation. r Proposition 2. On E Â S 1 , we have F Ã ðÀihz; t À y=jyjiÞ ¼ h y; ti À jyj À ihxð y; yÞ; ti; Here we write x ¼ xðy; yÞ for brevity and x=q is independent of q. Now we give some elementary formulas which will be used later.
Lemma 2. Assume that a is positive and that b is real, then we have
Proof. The former can be proved by residue calculus. We obtain the latter by di¤erentiation with respect to the parameter a. r Lemma 3. Assume that a is positive and that b and c are real, then we have
Proof
0 f ðyÞ dy and it implies that
Then apply the previous lemma. r
Now set
then hx=q; ti ¼ b sin y þ c cos y and we have
Lemma 4. For s A S 2 nfð0; 0;G1Þg; t A B 3 and ða; b; cÞ above, we have ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi
Proof. We can show that
Corollary 1. In the situation of the above theorem, u is holomorphic and satisfies uðt þ itÞ ¼ Q½vðt þ itÞ in the Levi ball ft þ it A C 3 ; jtj þ jtj < 1g.
Proof. First notice that
ReðÀihz; t þ it À y=jyjiÞ ¼ h y; ti þ hx; ti À jyj a Àejyj if 0 < e < 1; jtj þ jtj < 1 À e; jxj ¼ jyj.
The rapid decrease of the exponential factor guarantees the convergence of the integral in ft þ it A C 3 ; jtj þ jtj < 1 À eg. Since e is arbitrary, it is convergent in the Levi ball. r
Remark. It is easy to show that a harmonic function uðtÞ in B 3 can be analytically continued to the Levi ball without assuming that it is continuous up to the boundary. Indeed, consider uðt=ð1 À dÞÞ, 0 < d < 1, which is harmonic in B 3 and is continuous up to the boundary. By Corollary 1, we find that uðtÞ can be analytically continued to ft þ it; jtj þ jtj < 1 À dg. Since d is arbitrary, u is holomorphic in the Levi ball.
However, this is not the best result: u is holomorphic in the Lie ball ft þ it; Lðt þ itÞ < 1g, where See p. 69 of [7] for the proof of this fact.
